
AD A078 ‘+6~I FLORIDA STATE UNIV TALLAHASSEE DEPT OF STAT ISTICS F/~ 12i1
TREATMENT OF SOME INEGUALITIE
E EL NEWEIHI~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

LASSIUED F
~!:TISTI~~~ MU~~~ . F P R O S c H A N

AFOS !! :!! ! !!

’



________ 

3 2  

I~I~
2

________ 

~

MIt’ ~ 11111i4 . mII~•~
44

MICRO2OPY RESOLUTION TEST CI-I&qT
N4~ ~ AL BUREAU OE ~~A~ L~~RD~



e /g rr,  ~~~~~ _ _ _ _ _ _ _  _ _ _ _ _

SCCUR~ ’ Y  C L A S S I F I C A T I O N  OF ‘THIS P A G E  ( en ~~ata £nt”ered)

R~~~~ T r~~rn ‘~~~l T A 1 I f l~J PA~~ 
- 

~~EAD 1NSTRUC ~~~ONS
• — ‘I” ~ BEFORE COMPLET I NG FORM

_
~.rIz. GOVT A CCEsSIoN NO 3. RECI PIENT S C A T A L O G  NUUBER

/ AFOSRJ.TR.. 7 9 - 1 2 3 O’~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-~~~•—— —--—-- ~~~~~~~~~~~~~~~~~~~~~~~~~ -~ 
C-

4. ‘T ITLE (~~ d Subt iti. ) OF REPORT & PERIOD COVERED

6 j)NIFIED ~~EAThENF OF &)ME INEQUALITIES AM3NG I )
~ ATIOS OF~~IEANS . I ~~~Interim 7’ ‘ J/ .  (
— 

~~..ft 1 ORU I~~~~BG. R/25~~T NU)~~ €~~
_______________________________________________ PSU No. M524 t. J

u~~~~4 T RLeJ , _ a~~ 8. CONTRACT OR GRANT NUMBER(s)
F~D 

-

Cq~~~~~~ 
~~~~~~~~~New~~~~

J 
A
T ,  0 R-78-3678- .~~~~~~~~~7i 4~~- 7~

-
~. .;-rr,~9 PERFORMING O R G A N I Z A T I O N  NAME AND ADDRESS ______ “~ ~ Q9TI~ l-~~t~~m~~NT  5K

ARE P1< UNIT .MU~~8ERS

• 00 The Florida State University ,~~~~~~, <~‘P’.
Department of Statistics1 6ll02Ffl23o4/~~/’~
T~ 11~~h~ csPA , F1~ rid~ ~2~O6 ___________________________

II . CONTROLLING OFFIC E NAME AND ADDRESS • .- ‘~~ +2. ~~~ -tj ,. --5*~~~.• 
Air Force Office of Scientific Research/I\M Octe~~r., ~ 797___ 
Boiling Air Force Base, Washington, DC 20332 13. NUM 9~~~~~~~~’ W ~~ES

___________________________________________________________ 4
~~~~~~ 14. MONITORING AG ENCY NAME & AODR ESS(i ( diUerenI .lcOm Controllin4 Off ice) 15. SECURITY CLASS.  (of th is  report)

/ (3’ / Unclassified
o I

1- —~~~ ISa . DECLASSIF ICATION DOWNGRA D ING
SCHEDULE S

16. DISTRIB UTION S T A T E M E N T  (of th is  Report)

Approved for~~~ iic release; distribution unlimited. C)
~~ 

r 
‘
~~~~. 

. / ( ~~~~~( ~~~~ç~~S2~ \
‘7. 

~~
IST_~~!~~~

I
~~7 

ST. 
I
y3

~~T ~~~~~~~~~~~~~~~ en 

(r

ed :o . it di(;oren, from RepotU~~~~~~~~~~~~~~~~~~~~
1

~~~~~~~~~~~~~~~~~

18. S UPPLEMENTARY . TES

Li,1. 19. K EY WORDS (Continue on reverse side II necessary end identify by block number)

Inequality among means , generalized means, majorization, Schur functions,
monotoflicity.

20. S T RA C T  (Continue on reverse side IV necessary and Ide n t If y by block number)

sing inajorization and Schur-functions, Marshall, 01km , and Proschan ob-
tained a result concerning monotonicity of the ratio of means. This note shows
that a slight extension of their result provides a unified method for obtaining
and extending inequalities between means due to Chan, Goldberg, and Gonek , as
well as deriving additional inequalities of the same type.

r~r~ ~ O~~M IA’79 —

~~U 1 JAN 73 ~~IJ / ‘,— ,f) ‘~~~ .;“ ..-‘ UNCLASSIFIED
~~ ._ (.._.1 ./ / / SECI I PUrY  ru * ur,na,,~~., ~~. ~~~.e ~~~~~~~~ .u.. .. p. ... .-r~ ....

L . 

. 
~~~~~~~~~~~~~~~~~~~~~~~~~



- — - - ----w~
_
~~II —.

AEOSR.TR~ 
7 9 - 1 2 . 3 0

I•~

UNIFIED 11~.EftLThEWF OF SDME INE(~JALITIESA?ONG RATIOS OF P.~ANS

by

Fined El ~Neweihj * and Frank Pro schan**

University of Illinois at Chicago Circle
and

Florida State University

F~J Statistics Report M524
AI~)SR Technical Report N~. 78-101

October , 1979
The Florida State University
Department of Statistics

Ta1liah~icsee, Florida 32306

AMS Sthject Classification (1970). Primary 26A86 .
Key I~rds: Inequality among means, generalized means, majorizat ion, Schur

• functions, monotonicity.

*~~search sponsored by Air Force Office of Scientific Research, AFSC, USAF,
under Grant AlO~~-76-30S0C.

**Research sponsored by the Air Force Office of Scientific Research, AFSC,
~~AF, under Grant AR)~~-78-3678.

-l~l
— ~. ‘

-
~ fl~t -1 •

~~~~ ‘H -
~

k

*pp2 QVed for public re1.aae~
d1~~$r ~ bU ti Q fl  unlimited.

______ - - • • - - - — — . . - • •-- .—- —~~~~~—-__— 

~~
-- .. .,. --— - - . -

~
-
~
.
~~~~~~~~~~ ~~

•- - -
~~~~

-
-~



______________-

~~~~~~~~~

_ _ _

p

‘
I

UNIFIED TREA1WRF OF SOME INE(~1ALITIESA~{)NG RATIOS OF MEANS

by

Emad El -Neweihi and Frank Proschan

ABSFRACF

Using Inajorization and Schur-functions, Marshall, 01km , and Proschan

obtained a result concerning Iw)notonicity of the ratio of means. This
note slxnvs that a slight extension of their result provides a unified meth d
for ~btaining and extending inequalities between means due to than, Goldberg,
and Gonek, as well as deriving additional inequalities of the same type.
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1. Introdt~tian. Chan, Goldberg, and Gonek L i i  show that :

- 1/p l/q
(1) r —

~ 
< 1-

• - x)~ + (1 - y)PJ L~’ 
- ~~ + (1 -

where 0 � x ‘c y, x + y c ]., and p c q; and

-1/p -1/qr ~~~~~~ 1 r ~~(2) I n
i_i I I n

i_i

- x1) ~J ~~~~~~~~~ 

- x~) -q

where 0 s x1 � 1/2 and p > 0. Strict inequality holds in (2) unless

xl a X
2 

5 . .  — xn.

Earlier , Marshall, 01km , and Proschan [2] showed:

r~~ r lhh’T
! A~a~

(3) I ~ J is increasing In r,

i !
i—i

where a1 � a2 � ... � a~~> 0, b1 � b2 ~ ... b~ > 0 , 
~~~~~ 

... ~~~~~~ and

> 0, i 1, . . . ,  n, 
~ 

~~ 
a

ial

Result (3) was obtained using majorization and Scliir-functions (for

definitions see £2]).

The main purposes of this note are to show that using (3) , (a) inequalities

(1) and (2) can be proved in a unified way, (b) (1) and (2) can be xt.ndsd,

and Cc) c4ditionai inequalities of a similar type can be obtaIned .
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2. Main Results. Before we state and prove the main results, we present
• several remarks :

Remark 2.1. It is easy to verify that (3) holds even if certain of the

a1’s are equal to zero .

Reenark 2. 2. Careful inspection of the proof of (3) shows that in certain

cases the rat io in (3) is atrictli, increasing in r.

We may now prove:

Theorem 2.3. Let O~~~x < y , x + y c l , o c A c j , a n d p < q . Then

(4) Ax1
~ + _(1 - x)y~ _~~)1”P 

< 
Ax~ + (1 - A)y~ —11/q

L~’ 
- x)~ + (1 - x) (l - y)Pj L~’ 

- x)~ + (1 - x) (l - y)~j

Proof. Clearly (1 - x)x c (1 - y)y. Let 
~~
‘ y, a2 x, b1 E 1 - x, and

b2 1 - y. Inequality (4) follows from (3) by Remark 2.2. fl
Setting ~ ½ in (4) we get (1) as a special case .

The same technique yields an extension of Inequality (2) :

Theorem 2.4. Let 0 � x1 � ½, ~~ 
a 

~~~~~~ n , p ‘ 0 , A~ � 0 , i — 1, ..., n ,

and1A. l. Then

(5) r 1
~~~~~

-
~ 1-l/p 

r ~~
Lm~i

A 1(
~ 

- xi) 1’j Lj~l
A j .
~ 

- xi)Pj

unless x1 x2 — ... X~~.

-~ -
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Proof. Let � X~ 2 1 � ... � x~~, denote the decreasing rearrangement
of x1, . ..,  x~ from now on. Let a1 X

Lj ., b1 (1 - x
~~~Y

’, i = 1 n.
Since -p c p aixl (l ~~Xr .

])i~~.]~~ (l-~~ .]Y
1X[. . .  for i c j ,  we have by (3) :Li U 3 ij

r ‘~ - —r i/p 1— n -il/PI I~ x.~~ I ~~~~~~(6) I ~~~ 

1 f i=l

~ 
A~(l - x.)~ J ~~ A. ( l  - x.)~~Liar 1 Li~ 

1

unless x1 
a x2 

= ... x~ (see Remark 2.2) . The desired result follows from
(6). I~

?bte that (2) is a special case of (5) by setting A1 
a !., i 1, . . .,  fl.

Finally, Theorem 2.5 below yields an inequality similar to (1) and (2) .
This illustrates that majorizat ion and Schur-functions can be used to generate
through (3) a host of inequalities similar to (1) and (2) .

Theorem 2.5. Let x1 � 0, A~ > 0, j a ~~• • ,  n , = 1, and p c q.
Then:

• I— fl —Ti/p r fl —~l/qZ x 1 x~~ i
(7) ( _ 1l I ~f iai

+ xi)~
] Lj~i

Aj
~ 

-

Strict inequality holds in (7) unless x1 
a

~~~ 2 
a 

~~
Proof. Let a

~ 
X~j) and b1 1 + 

~~~~ 
i — 1, .. ., n. Since ~ ~ x

is decreasing, we apply (3) to get the desired result. By Remark 2.2, strict
inequality holds in (7) unless x1 — x2 ... — x~. I I

— _ ___
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